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FUNCTIONAL EQUATION FOR p-ADIC RANKIN-SELBERG L-FUNCTIONS
KÂZIM BÜYÜKBODUK AND ANTONIO LEI
Abstract. We prove a functional equation for the three-variable p-adic L-function attached to the Rankin-
Selberg convolution of a Coleman family and a CM Hida family, which was studied by Loeffler and Zerbes.
Consequently, we deduce that an anticyclotomic p-adic L-function attached to a p-non-ordinary modular
form vanishes identically in the indefinite setting. This is a crucial step towards the Iwasawa main conjecture
for non-ordinary modular forms over the anticyclotomic Zp-extension of an imaginary quadratic field in the
indefinite setting.
1. Introduction
In [LZ16], Loeffler and Zerbes constructed a three-variable p-adic Rankin-Selberg L-function attached to
two families of modular forms, which is characterized by its interpolating property at the crystalline points of
a three-parameter family (afforded by a pair of Coleman families and the cyclotomic variation). In the special
case where one of the two families is ordinary, Loeffler [Loe18] extended this work to prove an interpolation
formula also at non-crystalline points.
The goal of this article is to prove a functional equation for the Loeffler-Zerbes three-variable p-adic
Rankin-Selberg L-functions associated to the Rankin-Selberg product of a Coleman family and a CM Hida
family. See Theorem 3.4 for the precise formulation of this functional equation. The main ingredients of our
proof are Loeffler’s interpolation formula in [Loe18], the functional equation for the complex Rankin-Selberg
L-function of Li [Li79] and an analysis of root numbers, which allow us to interpolate various “fudge factors”
arising from the complex functional equation in p-adic families (see Theorem 3.4 below).
The p-adic L-function we study here plays an important role in [BL16], where we study the Iwasawa
Theory of the Rankin-Selberg convolutions f ⊗χ (of the base change of a p-non-ordinary modular form f to
an imaginary quadratic field K where p splits, with a ray class character χ). For example, the Loeffler-Zerbes
p-adic Rankin-Selberg L-function gives rise to a two-variable p-adic L-function for f⊗χ over the Z2p-extension
of K, which in turn allows one to formulate an Iwasawa main conjecture. Furthermore, on specializing to
the anticyclotomic Zp-extension of K, we may study the behaviour of the arithmetic invariants associated
to the Rankin-Selberg convolution f ⊗ χ (where χ is now taken as a ring class character) along this tower.
When the root number ǫ(f/K) is −1, we show in Corollary 3.8 that our functional equation implies that
the anticyclotomic specialization of the said p-adic L-function is identically zero (as a matter of fact, unless
k = 2, deforming along Coleman family seems necessary to achieve all this; see Remark 3.1 below). This
is one of the main ingredients in the portion of our work [BL16] where we prove results towards indefinite
p-non-ordinary anticyclotomic main conjectures for f ⊗ χ.
One of the main results in [BL16] is that the 2-variable p-adic function of Loeffler-Zerbes can be de-
composed into integral signed p-adic L-functions using certain logarithmic matrix coming from the theory
of Wach modules. Since these p-adic L-functions have bounded denominators, they are more suitable for
the study of Iwasawa of f ⊗ χ over the Z2p-extension of K than their unbounded counterparts. There is a
reformulation of Iwasawa Main Conjectures in this set up involving these p-adic L-functions (c.f., [BL16,
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Conjecture 4.15]), which one may attack using the integral (signed) Beilinson-Flach Euler systems. In the
special case where ap(f) = 0, we show in Theorem 4.1 that the anticyclotomic specialization of some of these
signed p-adic L-functions also vanish identically. In this portion, we follow the line of argument Castella
and Wan given in [CW16], where they have also proved a similar result for the signed p-adic L-functions
associated to an elliptic curve (granted the functional equation for analytic p-adic L-functions).
2. Set up
Fix forever a prime p ≥ 5 and an imaginary quadratic field K where (p) = ppc splits. The superscript
c will always stand for the action of a fixed complex conjugation. We fix a modulus f coprime to p with
the property that the ray class number of K modulo f is not divisible by p. We also fix once and for all
embeddings ι∞ : Q →֒ C and ιp : Q →֒ Cp as well as an isomorphism j : C
∼
−→ Cp such the diagram
C
j

Q
ι∞ ==④④④
ιp   
❆❆
❆
Cp
commutes. and suppose that the prime p of K lands inside the maximal ideal of OCp . Throughout the
article, χ denotes a fixed ray class character modulo f with χ(p) 6= χ(pc).
Let K∞ denote the Z
2
p-extension of K with Γ := Gal(K∞/K)
∼= Z2p. We let Kcyc/K and Kac/K
denote the cyclotomic and the anticyclotomic Zp-extensions of K contained in K∞ respectively. We write
Γac := Gal(Kac/K) and Γcyc := Gal(Kcyc/K). We also set Γ
◦
cyc := Gal(K(µp∞)/K)
∼= Z×p . Let ∆ :=
Gal(K(µp)/K) so that Γ
◦
cyc = Γcyc × ∆. For q = p, p
c, we let Γq denote the Galois group of the maximal
pro-p extension of K unramified outside q. In particular, we have the decompositions
Γ ∼= Γcyc × Γac ∼= Γp × Γpc .
Note that Γcyc and Γac are the eigenspaces of Γ under the complex conjugation, whereas Γp and Γpc are
interchanged by the complex conjugation.
For a finite flat extension O of Zp and for Γ? ∈ {Γ,Γac,Γcyc,Γp,Γpc ,Γ
◦
cyc}, we define the Iwasawa algebra
ΛO(Γ?) := O[[Γ?]] with coefficients in O. If L is the field of fractions of O, we write ΛL(Γ?) for ΛO(Γ?)⊗L.
For ? ∈ {ac, cyc, p, pc}, we set
Λ†L(Γ?) :=
{∑
cn(γ? − 1)
n ∈ L[[γ? − 1]] : lim
n→∞
|cn|r
n = 0 ∀r ∈ [0, 1)
}
(where γ? ∈ Γ? is an arbitrary topological generator) and
Λ†L(Γ
◦
cyc) := Λ
†
L(Γcyc)⊗L L[∆].
For r ∈ R≥0 and we shall denote the set of Amice transforms of the L-valued r-tempered distributions on
Γ? by Hr(Γ?); in particular, H0(Γ?) = ΛL(Γ?). For non-negative real numbers u, v ∈ R, we define the ring
Hu,v(Γ) := Hu(Γp)⊗̂Hv(Γpc), which can be identified with a subring of Λ
†
L(Γ). Throughout, we assume that
γcyc = γpγpc and γac = γpγ
−1
pc .
Let f ∈ Sk(Γ0(Nf )) be a normalized cuspidal eigen-newform of level Nf , even weight k ≥ 2 and trivial
nebentypus. Throughout, we assume that p ∤ Nf . Let α and β be the two roots of the Hecke polynomial
X2 − ap(f)X + p
k−1. We assume that α 6= β and let fα and fβ denote the two p-stabilizations of f .
From now on, we fix L to be a finite extension of Qp inside Cp that contains the images of all Fourier
coefficients of f as well as α and β under ιp. Furthermore, we assume that L contains the values of our
fixed ray class character χ. Let vp be the p-adic valuation on L that is normalized by vp(p) = 1. We set
sα = vp(α) and sβ = vp(β). When ap(f) = 0, we have sα = sβ =
k−1
2 . For a ring class character η of K
whose conductor is prime to Nf , we write ǫ(f/K) = ±1 for the global root number for the Rankin-Selberg
L-series L(f/K ⊗ η, s). As the notation suggests, this quantity is independent of the choice of η.
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2.1. Algebraic Hecke characters of K. For q = p, pc, we let Ωq denote the maximal pro-p quotient of
the ray class group modulo q∞. The geometrically normalized Artin map A induces identifications
A : Ωq
∼
−→ Γq , Ω := Ωp × Ωpc
∼
−→ Γ .
We let Ωcyc,Ω
◦
cyc and Ωac denote the subgroups of Ω corresponding to Γcyc,Γ
◦
cyc and Γac under A.
The idèlic description of Ωq gives rise to a surjective map O
×
q ։ Ωq. Since we have assumed that p does
not divide the class number of K, this map allows us to identify the 1-units Uq ⊂ O
×
q with Ωq. Given an
element y ∈ O×q , we write y = 〈y〉[y] where 〈y〉 is a 1-unit and [y] ∈ O
×
q is a root of unity congruent to y
modulo q.
Definition 2.1.
i) The p-adic avatar Ξ̂ of an algebraic Hecke character Ξ is defined by setting
Ξ̂(x) := xapx
b
pc j(Ξ(xfin)) = x
a
px
b
pc j(Ξ(x))j(Ξ(x∞))
−1 .
ii) The (p-adic) Galois character of an algebraic Hecke character Ξ is given as the composite map
GabK
A−1
−→ A×K/K
× Ξ̂−→ C×p .
iii) Let Σ denote the set of algebraic Hecke characters Ξ whose associated Galois characters factor through Γ.
For each positive integer κ, we let Σ+(κ) ⊂ Σ be the subset of characters of ∞-type (a, b) with 1− k/2 ≤ a ≤
b ≤ κ− k/2− 1 and set Σ+ = ∪κ∈Z+ Σ+(κ).
iv) Let Σ˜ ⊃ Σ denote the set of algebraic Hecke characters Ξ of conductor dividing p∞ and whose p-adic
avatars factor through Ωp × Ω
◦
cyc. We similarly define the subsets Σ˜+(κ) ⊂ Σ˜+ ⊂ Σ˜.
Convention 2.2. If there is no fear of confusion, we shall denote both the p-adic avatar and the p-adic
Galois character attached to a Hecke character Ξ also by Ξ.
Remark 2.3. Suppose Ξ ∈ Σ˜. Using the fact that the class number of K is prime to p, one may describe its
p-adic avatar Ξ̂ explicitly as follows: The p-adic Hecke character Ξ̂ factors through a quotient A×K/Y (where
Y ⊃ K×
∏
v∤pO
×
v , with the usual convention for O
×
v at archimedean places) such that the natural map
jp : O
×
p ×O
×
pc −→ A
×
K/Y
is surjective. Suppose x mod Y is the image of (up, upc) under jp. Let us write Ξp and Ξpc for the restriction
of the local characters at p and pc to O×p and O
×
pc , respectively. Then
Ξ̂(x) = uapu
b
pcj(Ξp(up))j(Ξpc (upc)).
Lemma 2.4. Suppose Ξ ∈ Σ˜ is an algebraic Hecke character of ∞-type (a, b). Then Ξ admits a factorization
Ξ = ρ(Ξ) | · |b
(
µΞ ◦ NK/Q
)
which is uniquely determined by the requirement that ρ(Ξ) be unramified at pc and µΞ be of finite order.
Moreover, the p-adic avatar of ρ(Ξ) necessarily factors through Ωp.
Proof. Recall from Remark 2.3 the characters Ξp and Ξpc , which we think of as Dirichlet characters of
p-power conductor via the canonical isomorphisms
(1) O×pc
∼
←− Z×p
∼
−→ O×p .
We take µΞ := Ξpc and ρ(Ξ) := Ξ| · |
−b
(
µΞ ◦ NK/Q
)−1
. Note that ρ(Ξ) is unramified at pc and its p-adic
avatar is of the form
(2) ρ̂(Ξ)(x) = ua−bp j(ΞpΞ
−1
pc (up))
under the notation of Remark 2.3. Since Ξ̂ and µ̂Ξ ◦ NK/Q factor through Ωp ⊗ Ω
◦
cyc, it follows that ρ̂(Ξ)
factors through Ωp ⊗ Ω
◦
cyc as well. The explicit description of the p-adic avatar ρ̂(Ξ) in (2) shows in turn
that ρ̂(Ξ) factors through Ωp, as required. 
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Remark 2.5. Suppose Ξ is an arbitrary algebraic Hecke character of ∞-type (a, b). The argument in the
proof of Lemma 2.4 in fact shows that Ξ admits a factorization
Ξ = ρ(Ξ) | · |b
(
µΞ ◦ NK/Q
)
which is uniquely determined by the requirement that ρ(Ξ) be unramified at pc and µΞ be of finite order.
In the particular case when Ξ = χΨ where χ is as in the introduction and Ψ ∈ Σ˜, one has µΞ = µΨ and
ρ(Ξ) = χρ(Ψ).
2.2. p-adic Hecke characters of K.
Definition 2.6. Let Z˜ denote the collection of characters Ξ on Ωp × Ω
◦
cyc which are of the form
Ξ(x) = η(xp)〈xp〉
a〈xpc〉
b · ν ◦ NK/Q(xfin),
where η is a character of finite p-power order and p-power conductor, ν is a Dirichlet character of p-power
conductor, a, b ∈ Zp and xfin ∈
∏
v∤∞(K ⊗ Qv)
× is the non-archimedean component of the idèle x. The
elements of Z˜ are called p-adic Hecke characters on Ωp×Ω
◦
cyc. The pair (a, b) is called the p-adic type of Ξ.
Likewise, we let Z ⊂ Z˜ denote the collection of p-adic Hecke characters factoring through Ω. Its elements
have the form Ξ(x) = Ξfin(xfin)〈xp〉
a〈xpc〉
b, where Ξfin is character of p-power order and of conductor dividing
p∞.
Notice that if Ξ ∈ Σ˜ (resp., Ξ ∈ Σ), then its p-adic avatar belongs to Z˜ (resp., to Z). If the ∞-type of
Ξ is (a, b), then the p-adic type of its p-adic avatar also equals (a, b). Furthermore, the p-adic avatars of
Hecke characters Ψ ∈ Σ+ considered as characters of Ω form a dense subset of the rigid analytic space of
continuous p-adic characters of Ω. We have the following p-adic analogue of Lemma 2.4.
Lemma 2.7. Let Ξ ∈ Z˜ be a p-adic Hecke character of p-adic type (a, b). Then, there exists a uniquely
determined factorization
Ξ(x) = ρ(Ξ)(x) · NbK/Q(xfin) ·
(
µΞ ◦ NK/Q(x)
)
,
where µΞ is a finite Hecke character of Q, the p-adic Hecke character ρ(Ξ) is unramified at p
c with p-adic
type (a− b, 0). Moreover, the p-adic character ρ(Ξ) necessarily factors through Ωp.
Remark 2.8. Lemma 2.7 allows us to identify Z˜ with the rigid analytic space SpΛ†L(Ωp)× SpΛ
†
L(Ω
◦
cyc).
Definition 2.9. Let Ξ be a Hecke character (algebraic or p-adic). We define the Hecke character dual to
Ξ by setting ΞD := (Ξc)−1. If Ξ has conductor f(Ξ) and type (a, b), then ΞD has conductor f(Ξ)c and type
(−b,−a).
Definition 2.10. We let Zac denote the space of anticyclotomic p-adic Hecke characters (in more precise
terms, it consists of those characters Ψ ∈ Z such that ΨD = Ψ).
Note that we may identify Zac with the rigid analytic space SpΛ
†
L(Ωac).
2.3. Theta-series attached to algebraic Hecke characters of K.
Definition 2.11. (1) Given an algebraic Hecke character Ξ of ∞-type (−u, 0) with u ≥ 0 and conductor
f(Ξ), we let
Θ(Ξ) :=
∑
(a,f(Ξ))=1
Ξ(a)qNK/Qa
denote the associated theta-series.
(2) More generally, let Ξ be an algebraic Hecke character of ∞-type (a, b) with a ≤ b. Let ηΞ denote the
unique Dirichlet character (of Q) of conductor Nf(ρ(Ξ)) which is characterized by the property that
ηΞ(n) = ρ(Ξ)((n)) · n
a−b
4
for all integers n prime to NK/Qf(ρ(Ξ)). We write ǫK :=
(
DK
·
)
for the quadratic Dirichlet character attached
to K. We set NΞ := DK · NK/Qf(ρ(Ξ)) and θΞ := ηΞǫK (which is a Dirichlet character of conductor NΞ).
Finally, we let
gΞ = Θ
ord(ρ(Ξ)) :=
∑
(a,f(ρ(Ξ))p)=1
ρ(Ξ)(a)qNK/Qa ∈ Sb−a+1(Γ1(NΞ), θΞ)
denote the associated p-ordinary theta series which is an eigenform of indicated weight, level and nebentype;
it is a newform if and only if the conductor of ρ(Ξ) is divisible by p. We also let g
[p]
Ξ = Θ
[p](ρ(Ξ)) denote its
p-depletion and set
g◦Ξ = Θ(ρ(Ξ)) :=
∑
(a,f(ρ(Ξ)))=1
ρ(Ξ)(a)qNK/Qa
so that gΞ is the p-ordinary stabilization of the newform g
◦
Ξ whenever the conductor of ρ(Ξ) is prime to p.
Remark 2.12. Thanks to Lemma 2.4, choosing an algebraic Hecke character Ξ ∈ Σ˜+ (of ∞-type (a, b), say)
amounts to a choice of a triple (Θ(χΞ0), η, j), where Ξ0 = ρ(Ξ) ∈ Σ+ is unramified at p
c with ∞-type (−u, 0)
where u = b− a ≥ 0, η = µΞ is a Dirichlet character of Q of p-power conductor and 1 ≤ j = b+ k/2 ≤ k− 1
is an integer.
Remark 2.13. Suppose Ξ = χΨ is a Hecke character where Ψ ∈ Σ˜+ and χ is a ring class character
modulo f. As noted in Remark 2.5, we have ρ(Ξ) = χρ(Ψ) and in turn (since χ is anticyclotomic, we have
χ((n)) = 1 for every non-zero n ∈ Z), θΞ = θΨ. Moreover, Ξ is demi-crystalline if and only if Ψ is. The
explicit description of the p-adic avatar of ρ(Ψ) in (2) tells us that when this is the case, ηΨ = 1 is the trivial
character and hence
θΞ = θΨ = ǫK .
The formalism in Definition 2.11 also applies to the dual Hecke character ΞD. As above, we may use
Lemma 2.4 to write ΞD = ρ(ΞD) | · |−a(µΞD ◦ NK/Q) (we caution the readers that ρ(Ξ
D) 6= ρ(Ξ)D) and
consider the associated p-depleted twisted theta-series
g
[p]
ΞD
⊗ µΞD := Θ
[p](ρ(ΞD) · µΞD ◦ NK/Q) =
∑
(a,fcp)=1
ρ(ΞD)(a)µΞD (NK/Qa)q
NK/Qa
=
∑
(a,fcp)=1
ΞD(a)NK/Qa
−aqNK/Qa
=
∑
(a,fcp)=1
Ξ(ac)−1NK/Qa
−aqNK/Qa(3)
=
∑
(a,fcp)=1
Ξ(ac)−1(NK/Qa
c)−aqNK/Q(a
c)
=
∑
(b,fp)=1
Ξ(b)−1NK/Q(b)
−aqNK/Q(b)
= Θ
[p]
(ρ(Ξ) · µΞ ◦ NK/Q) = g
[p]
Ξ ⊗ µ
−1
Ξ ,
where the equality before the last one follows from the fact that Ξ(b)Ξ(b) = (NK/Qb)
−a−b.
Definition 2.14. We say that an algebraic Hecke character Ξ of conductor dividing fp∞ is demi-crystalline
if the the character ρ(Ξ) is crystalline. We say that it is crystalline if it is demi-crystalline and µΞ is trivial.
Remark 2.15. Let ρ(Ξ) ∈ Σ+ be an unramified algebraic Hecke character of ∞-type (−u, 0) with u ≡ 0
mod p − 1 (whose p-adic avatar necessarily factors through Ωp). Then the p-stabilized eigenform gχρ(Ξ) ∈
Su+1(Γ1(Nχp), ǫK) is the unique crystalline weight u+1 specialization of the CM branch g of the Hida family
interpolating {gχΨ}Ψ∈Σ+ . It is not hard to see that all crystalline specializations arise in this manner. We
further remark that the eigenform gχρ(Ξ) is the p-stabilization of the newform g
◦
χρ(Ξ) ∈ Su+1(Γ1(Nχ), ǫK).
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Remark 2.16. Suppose in this remark that χD = χ. Let Ξ be a demi-crystalline Hecke character of
conductor dividing fp∞. The computation (3) above carries over for the theta-series Θ(χρ(Ξ)) and shows
that
g◦χΞD ⊗ µΞD = Θ(χρ(Ξ
D))⊗ µDΞ = Θ(χρ(Ξ)) = g
◦
χΞ ⊗ µ
−1
Ξ .
Moreover,
(4) g◦χΞD = g
◦
χΞ = g
◦
χΞ ⊗ θ
−1
χΞ,N0
,
where N0 is the prime-to-p part of NχΞ and θχΞ,N0 denotes the prime-to-p component of the nebentype θχΞ
(equivalently, it is the nebentype character for g◦χΞ). Indeed, we may verify the second (well-known) equality
by comparing the corresponding Euler factors in the associated Hecke L-series of both sides. We also note
that
(5) gχΞD = gχΞ ⊗ θ
−1
χΞ,N0
for the p-stabilized theta series. Indeed, the fact that the Hecke eigenvalues of the eigenforms gχΞ and
gχΞ⊗ θ
−1
χΞ,N0
agree away from p is well-known (c.f., Remark 2.5 of [Loe18]). Moreover, a calculation similar
to (3) shows that the same holds true for the pair gχΞ and gχΞD . It therefore remains to check that the
Up-eigenvalues acting on both sides are equal. This is verified through a direct computation:
χ(pc)ρ(ΞD)(pc) = χ(pc) · ρ(Ξ)−1(p) · p−u
= χ(pc) · ρ(Ξ)(pc) · ρ(Ξ)−1((p)) · p−u
= χ(pc) · ρ(Ξ)(pc) · θ−1χΞ,N0(p),
where the first equality is valid because ρ(Ξ) is unramified at p, so that ρ(Ξ)D| · |−u = ρ(ΞD).
2.4. Functional Equation for Rankin-Selberg L-functions. We will revisit the work of Li [Li79] and
recast the functional equation she has established for the Rankin-Selberg L-functions in a form suitable for
our purposes.
Fix an integer κ ≥ 2 and a demi-crystalline algebraic Hecke character Ψ ∈ Σ of ∞-type (a, b) with
1− k/2 ≤ a ≤ b ≤ κ− k/2− 1
and µΨ 6= 1. Throughout, we let h ∈ Sκ(Γ1(Nf ), εh) denote a newform (we will later choose the newform h
such that its p-stabilization is a member of a Coleman family through fα) and consider the newform
g = gχΨ ⊗ µ
−1
Ψ := Θ(χρ(Ψ) · µ
−1
Ψ ◦ NK/Q) = Θ
[p](χρ(Ψ) · µ−1Ψ ◦ NK/Q) ∈ Sb−a+1(Γ1(N), θ),
where N = NχΨ and θ = θχΨµ
−2
Ψ . Note that the equality follows from our assumption that µΨ 6= 1. As
explained in [Loe18, Remark 2.2], we have
L(h, g, s) = Limp(h, gχΨ, µ
−1
Ψ , s)
for the motivic L-function L(h, g, s) and the imprimitive Rankin-Selberg L-function Limp(h, gχΨ, µ
−1
Ψ , s) (see
Definition 2.1 of op. cit. for the definition of the latter). Loeffler’s formula [Loe18, Prop. 2.12] allows us to
interpolate L-values in this form.
Definition 2.17. We define the completed L-series Λh,g(s) by setting
Λh,g(s) := (2π)
−2s+κ+b−a−1Γ(s− κ+ 1)Γ(s)Limp(f, h, s) .
When Nf and N are coprime, we also define the global root number W (s) as
W (s) := (NfN)
−2s+κ+b−aθ(−1)εh(N)θ(Nf )λNf (h)
2λN (g)
2
where λNf (h) and λN (g) are the Atkin-Lehner pseudo-eigenvalues.
Remark 2.18. It is of course possible to define global root number when Nf and N have common prime
divisiors. However, the explicit formula for the root number is far more complicated (see (2.11) of [Li79])
and we shall be content to treat only the case when Nf and N are coprime. In particular, the conductor of
χ is prime to Nf and hence, whenever we would like to insist that ǫ(f/K, η) = ±1, we are forced to assume
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for the nebentype character is trivial. This is the only place where our assumption on the nebentype for f
plays an essential role.
The following is a restatement of Theorem 2.2 of [Li79], in view of Example 2 in op. cit.
Theorem 2.19. Suppose (Nf , N) = 1. Then,
Λh,g(s) = W (s)Λh,g(κ+ b− a− s).
In more explicit form,
(2π)−2s+κ+b−a−1Γ(s− κ+ 1)Γ(s)Limp(h, g, s) =(NfN)
−2s+κ+b−aθ(−1)εh(N)θ(Nf )λNf (h)
2λN (g)
2
×(2π)2s−κ+a−b−1Γ(b− a+ 1− s)Γ(κ+ b− a− s)
× Limp(h, g, κ+ b− a− s) .
We shall need this identity evaluated at s = b+ k/2, which reduces to
(−2π)κ−k−a−b(a+ k/2− 1)!(b+ k/2− 1)!Limp(h, g, b+ k/2) = (NfN)
κ−k−a−bθ(−1)εh(N)θ(Nf )
× λNf (h)
2λN (g)
2(2π)a+b−κ+k
× (κ− k/2− a− 1)!(κ− k/2− b− 1)!
× Limp(h, g, κ− k/2− a) .
Thence,
Limp(h, g, b+ k/2)
Limp(h, g, κ− k/2− a)
= (−NfN)
κ−k−a−bθ(−1)εh(N)θ(Nf )λNf (h)
2λN (g)
2(6)
× (2π)2(a+b)−2(κ−k)
(κ− k/2− a− 1)!(κ− k/2− b− 1)!
(a+ k/2− 1)!(b+ k/2− 1)!
.
3. Functional equation for the three variable geometric p-adic L-function
Our goal of this section is to deduce a functional equation for the Beilinson-Flach p-adic L-function
attached to fα. In order to do that, we need to deform fα in a Coleman family of eigenforms and consider
the restriction of a CM Hida family interpolating {gχΨ}Ψ∈Σ+ to an affinoid of the corresponding weight
space. Throughout this section, we assume that Nf and pDKNK/Q(f) are coprime.
Remark 3.1. A more direct approach could have been possible (without the need to deform fα to a Coleman
family) whenever the following assertion holds:
Suppose for an element G ∈ Hsα,sα(Γ) we have G (Ψ) = 0 for every Hecke character Ψ ∈ Σ+(k). Then
G is identically 0.
When sα < 1, this claim follows from the work of Loeffler (see [Loe14, Theorem 9]). Otherwise, we do
not know how to verify this statement.
Throughout this section, we assume that
(7) χD = χ.
Let f =
∑∞
n=1 an(f)q
n denote a Coleman family which is new of tame level Nf and nebentype ω
k. We suppose
that f is defined over some affinoid neighborhood X in the weight space and its weight k specialization is
fα. Note that we retain our hypothesis that εf = 1, so that the prime-to-p part of the nebentype of f is
trivial and the conjugate Coleman family fD (whose defining property is given as in Lemma 3.4 of [Loe18])
coincides with f.
We identify the branch of the weight space corresponding to the Hida family g interpolating {gχΨ}Ψ∈Σ+
with Spf ΛL(Ωp) (c.f. the discussion on pages 2157-2158 in [GV04]). Notice that the tame level of g equals
Nχ := DKNK/Qf and its nebentype is θχω = ǫKω thanks to (7), where ω is the p-adic Teichmüller character.
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Fix an affinoid Y ⊂ SpΛ†L(Ωp), which is stable under the map induced by γ 7→ γ
−1 on Ωp. We shall
consider the restriction g|Y of the family g to Y .
Definition 3.2. Let
Lgeomp (f,g|Y ) ∈ O(X )⊗̂O(Y )⊗̂Λ
†
L(Ω
◦
cyc)
denote the geometric p-adic L-function given as in [Loe18, Theorem 6.1].
Definition 3.3. Set Z˜(Y ) = Y ×SpΛ†L(Ω
◦
cyc) ⊂ SpΛ
†
L(Ωp)×SpΛ
†
L(Ω
◦
cyc) =: Z˜. It consists of p-adic Hecke
characters Ξ ∈ Z˜ whose factorization Ξ(x) = ρ(Ξ)(x) · xapx
b
pc ·
(
µΞ ◦ NK/Qx
)
given by Lemma 2.7 verifies
ρ(Ξ) ∈ Y . We define Z(Y ) in a similar fashion.
Given a p-adic Hecke character Ψ ∈ Z˜(Y ) and any specialization f(κ) of f, we set
Lgeomp (f,g|Y ) (f(κ),Ψ) := L
geom
p (f,g|Y )
(
f(κ), gχρ(Ψ), b+ k/2
)
where gχρ(Ψ) is the specialization of the family g corresponding to ρ(Ψ) ∈ Y ; it corresponds to a classical
eigenform if and only if ρ(Ψ) is the p-adic avatar of an algebraic Hecke character that belongs to Σ+. This
permits us to think of Lgeomp as an element of O(X ) ⊗̂O(Z˜(Y )).
Theorem 3.4. There exists an Iwasawa function Gf ∈ ΛO(Ω) so that
Lgeomp (f,g|Y )(f(κ),Ψ) = Gf (Ψ) · 〈N
2
fNχ〉
κ−k · Lgeomp (f,g|Y )(f(κ),Ψ
D| · |k−κ)
for every Ψ ∈ Z˜(Y ) and κ ∈ X . Moreover, when Ψ ∈ Zac and f(κ) = f
α (so that κ = k) we have
Gf (Ψ) = ǫ(f/K) .
Proof. We set
Σcris := {(f(κ),Ψ) : f(κ) is classical of weight κ ∈ Z≥2 and Ψ ∈ Σ is demi-crystalline with
∞-type (a, b), 1− k/2 ≤ a ≤ b ≤ κ− k/2− 1 and µΨ 6= 1} ⊂ X × Z˜(Y )
and observe that (f(κ),ΨD| · |k−κ) belongs to Σcris whenever (f(κ),Ψ) does: Indeed, Remark 2.16 shows
(relying on the fact that ρ(Ψ) is unramified) that ρ(ΨD) = ρ(Ψ)D| · |b−a is unramified and that µΨD = µ
−1
Ψ .
We let f(κ)◦ denote the newform of level Nf such that f(κ) is a p-stabilization of f(κ)
◦.
For (f(κ),Ψ) ∈ Σcris, we shall compute the ratio
(8)
Lgeomp (f,g|Y )(f(κ),Ψ)
Lgeomp (f,g|Y )(f(κ),ΨD| · |k−κ)
and prove that it interpolates in a desired manner, as (f(κ),Ψ) over the dense subset Σcris ⊂ X × Z˜(Y ).
In order to achieve that, we will make use of Loeffler’s interpolation formula [Loe18, Proposition 2.10 and
Theorem 6.3].
It follows from the said interpolation formula that
Lgeomp (f,g|Y )(f(κ),Ψ) =
E(f(κ),Ψ)
E(f(κ)) E∗(f(κ))
×
(b+ k/2− 1)!(a+ k/2− 1)! iκ−b+a−1
〈f(κ)◦, f(κ)◦〉Nfπ
a+b+k2a+b+k+κ−1
× Limp(f(κ)◦, g◦χΨ ⊗ µ
−1
Ψ , b+ k/2),
(where E(f(κ),Ψ) corresponds to the factor denoted by E(f(κ), gχΨ, b + k/2 + µΨ) in op. cit. and we shall
provide its explicit expression below) and that
Lgeomp (f,g|Y )(f(κ),Ψ
D| · |k−κ) =
E(f(κ),ΨD| · |k−κ)
E(f(κ)) E∗(f(κ))
×
(κ− k/2− a− 1)!(κ− k/2− b − 1)! iκ−b+a−1
〈f(κ)◦, f(κ)◦〉Nfπ
2κ−a−b−k23κ−k−b−a−1
× Limp(f(κ)◦, g◦χΨD ⊗ µΨ, κ− k/2− a),
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where E(f(κ),ΨD| · |k−κ) equals Loeffler’s E(f(κ), gχΨD , κ− a− k/2− µΨ). We therefore have
Lgeomp (f,g|Y )(f(κ),Ψ)
Lgeomp (f,g|Y )(f(κ),ΨD| · |k−κ)
=
E(f(κ),Ψ)
E(f(κ),ΨD| · |k−κ)
×
(b+ k/2− 1)!(a+ k/2− 1)!
(κ− k/2− a− 1)!(κ− k/2− b− 1)!
(9)
× (2π)2(κ−k)−2(a+b)
L(f(κ)◦, g, b+ k/2)
L(f(κ)◦, g, κ− k/2− a)
,
where we have set g := g◦χΨ⊗µ
−1
Ψ ∈ Sb−a+1(Γ1(NχΨ), θχΨµ
−2
Ψ ) to be the newform we considered in Section 2.4
and we have used Remark 2.16 to identify g = g◦χΨ ⊗ µΨ with g
◦
χΨD ⊗ µΨ. Let p
r > 1 denote the conductor
of µΨ so that NχΨ = Nχp
2r. We recall that εf = 1 = χχ
c and f(κ)◦ = f(κ)
◦
in our set up (since we assumed
that (Nχ, Nf ) = 1 in order to make use of Theorem 2.19). Combining (6) and (9) along with the fact that
θχΨ(−1) = ǫK(−1) = −1 (as we have observed in Remark 2.13), we conclude that
Lgeomp (f,g|Y )(f(κ),Ψ)
Lgeomp (f,g|Y )(f(κ),ΨD| · |k−κ)
= −
E(f(κ),Ψ)
E(f(κ),ΨD| · |k−κ)
× (−NfNχp
2r)κ−k−a−b θ−1χΨ µ
2
Ψ(Nf )λNf (f(κ)
◦)2λNχΨ(g)
2
=−(−NfNχ)
κ−k−a−b G(µΨ)
2
G(µΨ)
2
θ−1χΨ µ
2
Ψ(Nf )λNχΨ(g)
2λNf (f(κ)
◦)2
=− (−NfNχ)
−a−b G(µΨ)
2
G(µΨ)
2
θ−1χΨ µ
2
Ψ(Nf )λNf (f)
2λNχΨ(g)
2 · 〈N2fNχ〉
κ−k(10)
= : Gf(Ψ) · 〈N
2
fNχ〉
κ−k,
where we have used
E(f(κ),Ψ) = G(µΨ)
2
(
p2b+k−2
α(κ)2pb−a
)r
= G(µΨ)
2
(
pa+b+k−2
α(κ)2
)r
E(f(κ),ΨD| · |k−κ) = G(µΨ)
2
(
p2κ−2a−k−2
α(κ)2pb−a
)r
= G(µΨ)
2
(
p2κ−k−a−b−2
α(κ)2
)r
for the second equality (here, α(κ) ∈ O(X )× denotes the eigenvalue for the Up-action on f(κ)); the third
equality holds because κ− k ≡ 0 mod p− 1, f(κ) is crystalline and λNf (f(κ)
◦)2 = 〈Nf 〉
κ; the final equality
is our definition of the p-adic integer Gf (Ψ).
Recall that g is given as the Rankin-Selberg convolution g◦χΨ ⊗ µ
−1
Ψ . Since Ψ is demi-crystalline, the
character ρ(Ψ) is crystalline by definition. In particular, the theta-series g◦χΨ is of level Nχ, which is prime
to p. By [AL78, page 228], we have
λNχΨ(g) = λNχ(g
◦
χΨ)µ
−1
Ψ (−Nχ)θχΨ(p
r)
G(µ−1Ψ )
G(µΨ)
.
Therefore,
Gf(Ψ) = −(−NfNχ)
−a−bθχΨ(p
2r/Nf)µ
2
Ψ(Nf/Nχ)λNf (f)
2λNχ(g
◦
χΨ)
2
=
(
DK
−Nf
)
(−NfNχ)
−a−bµ2Ψ(Nf/Nχ)λNf (f)
2λNχ(g
◦
χΨ)
2,
where the second equality follows recalling our assumption that Ψ be demi-crystalline and noting that
θχΨ(p
2r/Nf ) = ǫK(p
2r)ǫK(Nf ) =
(
DK
Nf
)
by our discussion in Remark 2.13. Each term in the final expression for Gf (Ψ) varies analytically in Ψ and in-
terpolates to an Iwasawa function since NfNχ is prime to p and λNχ(g
◦
χΨ) is given by i
a−b−1W (χρ(Ψ))/N
1/2
χ ,
where W (χρ(Ψ)) denotes the Gauss sum for χρ(Ψ) (see [Miy89, (3.3.8)] for its precise definition).
When Ψ is anticyclotomic, so is χΨ. In this case, a+ b = 0 and
Gf(Ψ) =
(
DK
−Nf
)
µ2Ψ(Nf/Nχ)λNf (f)
2λNχ(g
◦
χΨ)
2 .
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On comparing this expression with the formula for W (k/2) given in Definition 2.17 (with h = f , εh = 1,
g = g◦χΨ ⊗ µ
−1
Ψ and θ = θχΨµ
−2
Ψ = ǫKµ
−2
Ψ ), we conclude that Gf (Ψ) = ǫ(f/K ⊗χΨ), the global root number
of L(f/K ⊗ χΨ, s) at s = k/2. In particular, we have Gf (Ψ) = ǫ(f/K) for all anticyclotomic characters
Ψ ∈ Σcris ∩ Σ(k). 
Remark 3.5. This remark is for readers who might feel uneasy about the power of the norm character on
the right side of the functional equation. The main reason for its presence is the fact that s = k/2 is not the
center of the functional equation for the Rankin-Selberg L-series L(f(κ)/K,Ψ, s) in general, where f(κ) is a
specialization of the Coleman family f of weight κ ∈ Z≥2 and Ψ is a Hecke character as before.
We elaborate regarding this point. Let L˜(f(κ)/K,Ψ, s) denote L(f(κ)/K,Ψ, s + k/2). The functional
equation for the Rankin-Selberg L-series reads
(11) L˜(f(κ)/K,Ψ, s)=˙L˜(f(κ)/K,ΨD, κ− k − s)
where =˙ means equality up to simple fudge factors. The value of the geometric p-adic L-function Lgeomp (f,g|Y )
at the pair (f(κ),Ψ) equals L˜(f(κ)/K,Ψ, 0) up to some interpolation factors, whereas its value at the pair
(f(κ),ΨD| · |k−κ) equals (still up to the same interpolation factors)
L˜(f(κ)/K,ΨD| · |k−κ, 0) = L˜(f(κ)/K,ΨD, κ− k).
The functional equation (11) in turn relates Lgeomp (f,g|Y )(f(κ),Ψ) to L
geom
p (f,g|Y )(f(κ),Ψ
D| · |k−κ) and it
is precisely this relation that we interpolate above as κ and Ψ vary.
For λ, µ ∈ {α, β}, we recall from [BL16, §3.4] that there exists a two-variable p-adic L-function
Lλ,µ ∈ Hsλ,sµ(Γ),
given by the local image of the µ-stabilized Beilinson-Flach elements over K under the two-variable Perrin-
Riou map attached to the λ−1-eigenspace of the Dieudonné module of f at p. When λ = µ = α, this p-adic
L-function coincides with the geometric p-adic L-function Lgeomp (f,g|Y ) we studied above with f specialized
at fα and g is any CM family over K.
Definition 3.6. Let τ : Γ → Γ denote the involution induced by γp 7→ γ
−1
pc and γpc 7→ γ
−1
p . This in turn
induces an involution
τ : Hsλ,sµ(Γ) −→ Hsµ,sλ(Γ) .
The image of H will be denoted by Hτ .
Theorem 3.7. Let Gf ∈ ΛO(Γ) be as in the statement of Theorem 3.4. Then
Lα,α = Gf · L
τ
α,α.
Moreover, the projection G acf ∈ ΛO(Γac) identically equals ǫ(f/K).
The identical statement for the other root β of the Hecke polynomial is valid as well, as the proof below
does not distinguish between the two roots.
Proof. Given an arbitary demi-crystalline algebraic Hecke character Ψ, choose a large enough affinoid neigh-
borhood Y ⊂ SpΛ†L(Ωp) (since g is ordinary, we may choose Y as large as we like) in a way that we may
compute (
Lα,α − Gf · L
τ
α,α
)
(Ψ) = Lα,α(Ψ)− Gf (Ψ) · Lα,α(Ψ
D)
= Lgeomp (f,g|Y )(f
α,Ψ)− Gf(Ψ)L
geom
p (f,g|Y )(f
α,ΨD) = 0 .
Our assertion follows from the density of the demi-crystalline points in SpΛ†L(Ωp) ⊗̂SpΛ
†
L(Ω
◦
cyc). 
Corollary 3.8. If ǫ(f/K) = −1, then Lacα,α = 0.
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4. The vanishing of anticyclotomic doubly signed p-adic L-functions
In this section, we assume that ǫ(f/K) = −1 and ap(f) = 0 (so that β = −α). Let L0 be the sub-
extension of L generated by the images of all Fourier coefficients of f under ιp as well as all the values of χ.
We recall from [BL16, §3.4] that the p-adic L-functions Lλ,µ can be decomposed in to doubly-signed p-adic
L-functions. More precisely, let L±,± be the p-adic L-functions denoted by L•,⋆ with •, ⋆ ∈ {#, ♭} in op.
cit. They are the images of the signed Beilinson-Flach elements (given by (20) in op. cit.) under the signed
Coleman maps at p (defined in §2.5 of op. cit.). Note that both the signed Beilinson-Flach elements and
the signed Coleman maps are defined over L0, which implies that L±,± ∈ ΛL0(Γ). Equation (22) in op. cit.
says that(
Lα,α Lα,−α
L−α,α L−α,−α
)
=
(
−Twk/2−1 l˜og
−
k−1,pc/2 Twk/2−1 l˜og
+
k−1,pc/2α
Twk/2−1 l˜og
−
k−1,pc/2 Twk/2−1 l˜og
+
k−1,pc/2α
)
×
(
L−,− L+,−
L−,+ L+,+
)
×
(
−Twk/2−1 l˜og
−
k−1,p/2 Twk/2−1 l˜og
−
k−1,p/2
Twk/2−1 l˜og
+
k−1,p/2α Twk/2−1 l˜og
+
k−1,p/2α
)
,(12)
for some half-logarithmic functions Twk/2−1 l˜og
±
k−1,p and Twk/2−1 l˜og
±
k−1,pc , which are defined as follows.
Let B+rig,Qp be the set of power series in Qp[[π]] that converge on the open unit p-adic disc, equipped with
a Qp-linear action ϕ : π 7→ (1 + π)
p − 1 and an action of Γcyc by γ · π 7→ (1 + π)
χcyc(γ) − 1, where χcyc
is the cyclotomic character on Γcyc → 1 + pZp. The ΛZp(Γcyc)-linear map ΛZp(Γcyc) → Zp[[π]] defined by
1 7→ 1 + π gives an isomorphism M : ΛZp(Γcyc)
∼
−→ (1 + π)ϕ(Zp[[π]]) for some left inverse ψ of ϕ. This
extends to M : Λ†Qp(Γcyc)
∼
−→ (1 + π)ϕ(B+rig,Qp). Define
l˜og
+
k−1 = M
−1
(1 + π)
1
p
∞∏
n≥1
ϕ2n(q)
pϕ2n+1(δ)
k−1
 ,
l˜og
−
k−1 = M
−1
(1 + π)(1
p
∞∏
n=1
ϕ2n+1(q)
pϕ2n(δ)
)k−1 ,
where q = ϕ(π)/π and δ = p/(q − πp−1) ∈ Zp[[π]]
×. Note that l˜og
±
k−1 ∈ H(k−1)/2(Γcyc). Let j ∈ Z and
r ∈ R≥0. We define Twj : Hr(Γcyc) → Hr(Γcyc) to be the twisting map induced by σ 7→ χcyc(σ)
jσ, where
σ ∈ Γcyc is considered as a group-like element in Hr(Γcyc).
For q ∈ {p, pc}, the half-logarithmic functions Twk/2−1 l˜og
±
k−1,q are defined to be the functions obtained
from Twk/2−1 l˜og
±
k−1 on replacing γcyc by γq.
Theorem 4.1. If the ramification index of L0/Qp is odd, then L
ac
+,+ = L
ac
−,− = 0.
Remark 4.2. In other words, if ap(f) = 0 and the ramification index of L0/Qp is odd then the property
(L5) of [BL16] holds true.
We recall Pollack’s plus/minus logarithms from [Pol03]:
log+k−1 =
k−2∏
j=0
1
p
∞∏
n=1
Φ2n(u
−jγcyc)
p
,(13)
log−k−1 =
k−2∏
j=0
1
p
∞∏
n=1
Φ2n−1(u
−jγcyc)
p
,(14)
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where Φm denotes the p
m-th cyclotomic polynomial for m ∈ Z≥1 and u = χcyc(γcyc). Via the isomorphism
given in [LLZ17, (2.2)], up to multiplication by a unit in ΛZp(Γcyc)
×, the half-logarithmic functions log±k−1
agree with l˜og
±
k−1.
We now study functional equations for these half-logarithms.
Lemma 4.3. There exist units u± ∈ ΛZp(Γcyc)
× such that(
Twk/2−1 log
±
k−1
)τ
= u±Twk/2−1 log
±
k−1 .
Proof. For all m ≥ 1 and j ∈ Z, we have
Φm(u
−jγcyc)
τ =
(
(u−jγcyc)
pm − 1
(u−jγcyc)p
m−1 − 1
)τ
=
(u−jγ−1cyc)
pm − 1
(u−jγ−1cyc)p
m−1 − 1
= (ujγcyc)
pm−1−pmΦm(u
jγcyc).
Since ujγcyc is a unit in ΛZp(Γcyc), our result follows. 
Remark 4.4. We have the following explicit expressions for u±:
u+ =
k/2−1∏
j=1−k/2
∞∏
n=1
(u−jγcyc)
p2n−1−p2n ,
u− =
k/2−1∏
j=1−k/2
∞∏
n=1
(u−jγcyc)
p2n−2−p2n−1 .
Since u ∈ 1 + pZp, we infer that u
± ∈ 1 + pZp + (γcyc − 1)ΛZp(Γcyc).
Corollary 4.5. There exist units u˜± ∈ ΛZp(Γcyc)
× such that(
Twk/2−1 l˜og
±
k−1
)τ
= u˜±Twk/2−1 l˜og
±
k−1.
Furthermore, u˜± ∈ 1 + pZp + (γ0 − 1)ΛZp(Γcyc).
Proof. Suppose that Twk/2−1 l˜og
±
k−1 = v
±Twk/2−1 log
±
k−1, where v
± ∈ ΛZp(Γcyc). Then, Lemma 4.3 tells us
that (
Twk/2−1 l˜og
±
k−1
)τ
=
(v±)τ
v±
u±
(
Twk/2−1 l˜og
±
k−1
)
.
Since v± ∈ ΛZp(Γcyc)
×, the quotient (v±)τ/v± ∈ 1+(γcyc−1)ΛZp(Γcyc). Hence we are done by Remark 4.4.

Remark 4.6. For q ∈ {p, pc}, let u˜±q denote the element obtained from u˜
± on replacing γ0 by γq, where u˜
±
are given in Corollary 4.5. We may translate the functional equation given in the statement of Corollary 4.5
to: (
Twk/2−1 l˜og
±
k−1,qc
)τ
= u˜±q Twk/2−1 l˜og
±
k−1,q.
Proof of Theorem 4.1. Our strategy here is inspired by an argument due to Castella and Wan in [CW16],
where the doubly-signed p-adic L-functions of an elliptic curve are studied. The factorisation formula (12)
for Lα,α gives
4α2Lα,α =Twk/2−1 l˜og
+
k−1,pTwk/2−1 l˜og
+
k−1,pcL+,+ − αTwk/2−1 l˜og
−
k−1,pTwk/2−1 l˜og
+
k−1,pcL−,+
− αTwk/2−1 l˜og
+
k−1,pTwk/2−1 l˜og
−
k−1,pcL+,− + α
2Twk/2−1 l˜og
−
k−1,pTwk/2−1 l˜og
−
k−1,pcL−,− .
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On combining the functional equations from Theorem 3.7 and Remark 4.6, we deduce that the quantity
Twk/2−1 l˜og
+
k−1,pTwk/2−1 l˜og
+
k−1,pc
(
L+,+ − u˜
+
p u˜
+
pcGfL
τ
+,+
)
+α2Twk/2−1 l˜og
−
k−1,pTwk/2−1 l˜og
−
k−1,pc
(
L−,− − u˜
−
p u˜
−
pcGfL
τ
−,−
)(15)
is equal to
αTwk/2−1 l˜og
−
k−1,pTwk/2−1 l˜og
+
k−1,pc
(
L−,+ − u˜
−
p u˜
+
pcGfL
τ
+,−
)
+αTwk/2−1 l˜og
+
k−1,pTwk/2−1 l˜og
−
k−1,pc
(
L+,− − u˜
+
p u˜
−
pcGfL
τ
−,+
)
.
(16)
Recall that vp is the p-adic valuation on L normalized by vp(p) = 1. In particular, vp(α) =
k−1
2 ∈
1
2 + Z as
k is even. Let e be the ramification index of L0/Qp. Since L±,±, Twk/2−1 l˜og
±
k−1,p and Twk/2−1 l˜og
±
k−1,pc are
all defined over L0, as a power series in L[[γp − 1, γpc − 1]], the non-zero coefficients in (15) have valuations
in 1eZ, whereas those in (16) have valuations in vp(α) +
1
eZ =
1
2 +
1
eZ. Therefore, under our hypothesis that
e is odd, both (15) and (16) have to be zero. In particular,
Twk/2−1 l˜og
+
k−1,pTwk/2−1 l˜og
+
k−1,pc
(
L+,+ − u˜
+
p u˜
+
pcGfL
τ
+,+
)
=
− α2Twk/2−1 l˜og
−
k−1,pTwk/2−1 l˜og
−
k−1,pc
(
L−,− − u˜
−
p u˜
−
pcGfL
τ
−,−
)
.(17)
Let πac be the projection to the anticyclotomic line (parallel to the cyclotomic line). If θ is a character
on Γac which sends γac to a primitive p
2n−1-st root of unity, then (13) and (14) tell us that
πac
(
Twk/2−1 l˜og
−
k−1,pTwk/2−1 l˜og
−
k−1,pc
)
(θ) = 0;
πac
(
Twk/2−1 l˜og
+
k−1,pTwk/2−1 l˜og
+
k−1,pc
)
(θ) 6= 0.
Therefore, on applying πac to (17), we deduce that
Lac+,+ − (u˜
+
p u˜
+
pc)
ac
G
ac
f L
ac
+,+ ∈ ΛL(Γac)
vanishes at infinitely many characters of finite order. Thus, it must be identically 0. Given that G acf =
ǫ(f/K) = −1 by Theorem 3.4, we conclude that
Lac+,+ + (u˜
+
p u˜
+
pc)
acLac+,+ = 0.
The last part of Corollary 4.5 tells us that 1 + (u˜+p u˜
+
pc)
ac 6= 0 and this shows that Lac+,+ = 0. The proof for
Lac−,− = 0 is similar. 
Remark 4.7. It is not clear to us how to deduce the vanishing of Lac+,− or of L
ac
−,+ based on the argument
we present above. This is the reason why we have restricted our attention to the symmetric choice of signs.
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